We study a countably infinite iteration of the natural product between ordinals. We present an "effective" way to compute this countable natural product; in the non trivial cases the result depends only on the natural sum of the degrees of the factors, where the degree of a nonzero ordinal is the largest exponent in its Cantor normal form representation. Thus we are able to lift former results about infinitary sums to infinitary products. Finally, we provide an order-theoretical characterization of the infinite natural product; this characterization merges in a nontrivial way a theorem by Carruth describing the natural product of two ordinals and a known description of the ordinal product of a possibly infinite sequence of ordinals.
Introduction
The usual addition`and multiplication¨between ordinals can be defined by transfinite recursion and have a clear order-theoretical meaning; for example, α`β is the order-type of a copy of α to which a copy of β is added at the top. However,`and¨have very poor algebraic properties; though both are associative, they are neither commutative nor left cancellative, left distributivity fails, etc. See, e.g., Bachmann [2] , Hausdorff [12] and Sierpiński [21] for full details.
In certain cases it is useful to consider the so-called natural operations # and b. These operations are defined by expressing the operands in Cantor normal form and, roughly, treating the expressions as if they were polynomials in ω. The natural operations have the advantage of satisfying good algebraic properties; moreover, in a few cases they have found mathematical applications even outside logic. See, e.g., Brookfield [5] , Carruth [6] , Harris [10] and Toulmin [23] . See Berline and Lascar [3] and Simpson [22] for interdisciplinary applications. Further references, including some variants and historical remarks, can be found in the quoted papers and in Altman [1] , Blass and Gurevich [4, in particular, Section 8] and Ehrlich [9, pp. 24-25] . It is also interesting to observe that the natural operations are the restriction to the ordinals of the surreal operations on Conway Numbers [8] . Limited to the case of the ordinal natural sum, the corresponding two-arguments recursive definition appears implicitly as early as in de Jongh and Parikh [13, Lemma 3.3 
b) d)].
A transfinite generalization of the natural sum in which the supremum is taken at limit stages has been considered in Chatyrko [7] with applications to topological dimension theory. The particular case of the sum of a sequence of length ω has been used in Wang [25] and Väänänen and Wang [24] with applications to infinitary logics. The transfinite natural sum has been studied in detail in [14, 15] , where order-theoretical characterizations have been provided. In the present note we introduce and study the analogously defined infinitary product in the case of sequences of length ω. The computation of this infinite natural product can be reduced to the computation of somepossibly infinite-natural sum; in particular, we can directly transfer results from sums to products, rather than repeating essentially the same arguments. Curiously, the method applies to the more usual infinitary operations, too. See Theorem 2.8 and Corollary 2.9 below; we are not aware of previous uses of this technique.
Order-theoretical characterizations of the finitary natural operations have been provided in Carruth [6] . Some characterizations seem to have been independently rediscovered or generalized many times, e.g., [4, 13, 23] . As we showed in [14] , Carruth characterization of the finite natural sum cannot be generalized as it stands to the infinitary natural sum; see, in particular, the comments at the beginning of [14, Section 4] . A similar situation occurs for the infinitary natural product; see Subsection 3.4 below. In the case of the infinite natural sum the difficulty can be circumvented by imposing a finiteness condition to a Carruth-like description: see [14, Theorem 4.7] . As we shall show in Section 3, a similar result holds for the infinite natural product, though the situation gets technically more involved.
To explain our construction in some detail, it is well known that the usual finite ordinal product is order-theoretically characterized by taking the reverse lexicographical order on the product of the factors. Less known, the same holds in the infinite case, too, provided that in the product one takes into account only elements with finite support. See Hausdorff [12, § 16] and Matsuzaka [17] or Subsection 3.2 below. We show that the infinite natural product can be characterized by merging the representation by Carruth and the just mentioned one; roughly, by using Carruth order for a sufficiently large but finite product of factors and then working as in an ordinary product when we approach infinity. Quite surprisingly, a local version of the result holds. Namely, if ď 1 is a linear order on the finite-support-product of a sequence pα i q iăω of ordinals and ď 1 is such that, for every element c, the set of the ď 1 predecessors of c is built in a way similar to above, then ď 1 is a well-order of order type less than or equal to the infinite natural product of the α i 's. Moreover, the infinite natural product is actually the maximum of the ordinals obtained this way, that is, the order-type of the product can always be realized as above. See Section 3 and in particular Theorem 3.1 for full details.
Preliminaries
We assume familiarity with the basic theory of ordinal numbers. Unexplained notions and notations are standard and can be found, e.g., in the mentioned books [2, 12, 21] . Notice that here sums, products and exponentiations are always considered in the ordinal sense. The usual ordinal product of two ordinals α and β is denoted by αβ or sometimes α¨β for clarity. The classical infinitary ordinal product is denoted by ś iăω α i . Recall that every nonzero ordinal α can be expressed in Cantor normal form in a unique way as follows α " ω ξ k r k`ω ξ k´1 r k´1`¨¨¨`ω ξ 1 r 1`ω ξ 0 r 0 for some integers k ě 0, r k , . . . , r 0 ą 0 and ordinals ξ k ą ξ k´1 ą¨¨¨ą ξ 1 ą ξ 0 . If β is another ordinal expressed in Cantor normal form, the natural sum α#β is obtained by summing the two expressions as if they were polynomials in ω.
The natural product αbβ is computed expanding again by "linearity" and then using the rule ω ξ b ω η " ω ξ#η . Both # and b are commutative, associative and cancellative (except for multiplication by 0, of course). If pα i q iăω is a sequence of ordinals, # iăω α i is defined as sup năω pα 0 # α 1 # . . . # α n´1 q. See [7, 14, 24, 25] for further details about # .
An infinite natural product
Definition 2.1. Suppose that pα i q iăω is a sequence of ordinals. For i ă ω, let P i denote the partial natural product
This means that Â iăω α i " 0 if at least one α i is 0 and
From now on, when not otherwise specified, pα i q iăω is a fixed sequence of ordinals and the partial natural products P i are always computed as above and with respect to the sequence pα i q iăω .
We now state some simple facts about the infinitary operation Â . Only (2) and (5) will be used in what follows.
Proposition 2.2. Let α i , β i be two sequences of ordinals and n, m ă ω.
More generally, suppose that pF h q hăω is a partition of ω into finite subsets, say, F h " tj 1 , . . . , j rphq u, for every h P ω. Then
Suppose in addition that α i ‰ 0, for every i ă ω.
(5) If i ă j, then P i ď P j ; equality holds if and only if α i "¨¨¨" α j´1 " 1.
(6) For every n ă ω, we have P n ď Â iăω α i ; equality holds if and only if α i " 1, for every i ě n.
Proof. Easy, using the properties of the finitary b. We just comment on (3). This is trivial if at least one α i is 0. Otherwise, every partial product on the left is bounded by some sufficiently long partial product on the right (by monotonicity, associativity and commutativity of b, and since all factors are nonzero by assumption); the converse holds as well, hence the infinitary products are equal.
Let us mention that (3) and (4) can be also proved by using Theorem 2.6 below and the corresponding properties of # given in [14, Proposition 2.4(5)(6)].
Lemma 2.3. If pβ i q iăω is a sequence of ordinals and β " # iăω β i , then
Proof.
Since ω β i is always different from 0, we have Â iăω α i " sup iăω P i . Here, of course, P i is computed with respect to the sequence given by α i " ω β i , for i ă ω.
By a property of the natural product (or the definition, if you like), we
Let α be a nonzero ordinal expressed as ω ξ k r k`¨¨¨`ω ξ 0 r 0 in Cantor normal form. The ordinal dpαq " ξ k will be called the degree or the largest exponent of α. The ordinal mpαq " ω ξ k r k will be called the leading monomial of α. By convention, we set dp0q " mp0q " 0. The following lemma is trivial, but it will be useful in many situations.
Lemma 2.5. If pα i q iăω is a sequence of ordinals which is not eventually 1, then
Proof. This is trivial if at least one α i is 0.
Hence suppose that α i ‰ 0, for all i ă ω, and that pα i q iăω is not even-
To prove the converse, we show that, for every
This is enough since if all the α i 's are nonzero, then the succession of the partial products is nondecreasing (Proposition 2.2(5)). It is a trivial property of the finitary natural product that mp
Theorem 2.6. Let pα i q iăω be a sequence of ordinals and let β " # iăω dpα i q.
The infinite natural product Â iăω α i can be computed according to the following rules.
for all i ě n, and the sequence is not eventually 1;
that is, no element of the sequence is 0 and the members of the sequence are not eventually ă ω.
Before proving Theorem 2.6, we notice that it gives an effective way to compute Â iăω α i , for every sequence pα i q iăω of ordinals. Apply (2.1) if at least one α i is equal to 0; if this is not the case, apply (2.2) if the α i are eventually 1; if not, then exactly one of (2.3) or (2.4) occurs. Notice that conditions (2.1) and (2.2) in Theorem 2.6 might overlap, and n in (2.2) and (2.3) is not uniquely defined, but the conditions give the same outcome in any overlapping case. Notice also that the expression dpα 0 q # . . . # dpα n´1 q`1 in (2.3) causes no ambiguity, since pdpα 0 q # . . . # dpα n´1 qq`1 " dpα 0 q # . . . # pdpα n´1 q`1q.
Proof. The result follows trivially from the definitions if some α i is equal to 0 or when the sequence is eventually 1.
If we are in the case given by (2.3), then, for every ă ω, there is h ą n such that there are at least -many α i ě 2, where the index i varies between n and h. Thus
since ω ε b 2 " ω ε 2 and sup păω ω ε p " ω ε`1 , for every ordinal ε.
In the other direction, we have
and, for every i ă ω, letting s i be the only natural number such that mpα i q " ω dpα i q s i , then by associativity and commutativity of b, we get
The last identity in (2.3) follows from the already mentioned fact that
The case given by (2.4) is similar and somewhat easier. The inequality Â iăω α i ě Â iăω ω dpα i q is trivial by monotonicity. For the converse, we use again the identity Â iăω α i " Â iăω mpα i q from Lemma 2.5. Arguing as in case (2.3), we have that, for every h ă ω,
Corollary 5.1 in [14] can be used to provide a more precise evaluation of Â iăω α i in case (2.4) in Theorem 2.6.
Corollary 2.7. Suppose that pα i q iăω is a sequence of ordinals such that no element of the sequence is 0 and the members of the sequence are not eventually ă ω (thus the sequence pdpα iiăω is not eventually 0). Let ξ be the smallest ordinal such that ti ă ω | dpα i q ě ω ξ u is finite and enumerate those α i 's such that dpα i q ě ω ξ as α i 0 , . . . , α i k (this sequence might be empty).
We need the results analogous to Theorem 2.6 for the classical ordinal product.
Theorem 2.8.
(1) If pβ i q iăω is a sequence of ordinals and β " ř iăω β i , then
(2) If pα i q iăω is a sequence of ordinals which is not eventually 1, then
(3) Suppose that pα i q iăω is a sequence of nonzero ordinals which is not eventually 1 and let β "
(1) Like the proof of Lemma 2.3, using the identity
(2) Like the proof of Lemma 2.5. In fact, we do have mp ś iăh α i q " ś iăh mpα i q and this is enough for the proof.
(3) is proved as Theorem 2.6.
Theorems 2.6 and 2.8 can be used to "lift" some results from infinitary sums to infinitary products. To show how the method works, we first present a simple example, though only feebly connected with the rest of this note.
Sierpiński [19] showed that a sum ř iăω α i of ordinals can assume only finitely many values, by permuting the α i 's. A proof can be found also in [14] . Then Sierpiński in [20] showed the analogous result for an infinite product. Using Theorem 2.8 we show that the result about products is immediate from the result about sums. Corollary 2.9. If pα i q iăω is a sequence of ordinals, one obtains only a finite number of ordinals by considering all products of the form ś iPI γ i , where pγ i q iăω is a permutation of pα i q iăω , that is, there exists a bijection π : ω Ñ ω such that γ i " α πpiq for every i ă ω.
Proof. This is trivial if some α i is 0, or if the α i 's are eventually 1, so let us assume that none of the above cases occurs.
If the sequence is eventually ă ω, then the first equation in Theorem 2.8(3) shows that we obtain only a finite number of products by taking rearrangements of the factors, since the resulting products are given by ω δ`1 , where δ is a sum of dpα 0 q, . . . , dpα n´1 q, taken in some order, but there is only a finite number of rearrangements of this finite set, hence there is only a finite number of possibilities for δ (notice that if α i ă ω, then dpα i q " 0, hence the degrees of finite ordinals do not contribute to the sum).
In the remaining case, the products obtained by rearrangements have the form ω δ , with δ " ř iăω dpγ i q, by the second equation in Theorem 2.8 (3) . The quoted result from [19] shows that we have only a finite number of possibilities for δ, hence there is only a finite number of possibilities for the values of the rearranged products.
We now use Theorems 2.6 and 2.8 in a slightly more involved situation in order to transfer some results from [14] about infinite natural sums to results about infinite natural products.
Corollary 2.10. For every sequence pα i q iăω of ordinals there is m ă ω such that, for every n ě m,
and if, moreover, every α i is nonzero and the sequence is not eventually 1, then
where β i " dpα i q, for every i ă ω.
Proof. The result is trivial if the sequence is eventually 1; moreover, (2.6) is trivial if some α i is 0. Furthermore, (2.5) is trivial if, for every i ă ω, there is j ą i such that α j " 0. Otherwise, by taking m large enough, we have α i ą 0, for i ą m. Henceforth it is enough to prove the result in the case when the sequence is not eventually 1 and all the α i 's are nonzero.
We shall first prove (2.5) and (2.7) and then derive (2.6). If the sequence is eventually ă ω, then (2.5) is trivial, since in this case, for large enough n, both sides are equal to ω. Then (2.7) is immediate from equation (2.3) in Theorem 2.6, since ω β 0 #...#β n´1 ω " ω β 0 #...#β n´1`1 .
Suppose now that the sequence pα i q iăω is not eventually ă ω, hence the sequence pβ i q iăω is not eventually 0. By [14, Theorem 3.1], there is m ă ω such that, for every n ě m, we have # nďiăω β i " ř nďiăω β i . Fixing any n ě m and letting β 1 " # nďiăω β i , we get Letting β " # iăω β i , we notice that in [14, Theorem 3.1] it has also been proved that β " pβ 0 # . . . # β n´1 q`β 1 . Using the above identity and applying equation (2.4) in Theorem 2.6 twice, we get
" ω β 0 #...#β n´1 Â nďiăω α i , that is, (2.7) (the second identity in (2.7) could be proved in the same way, but now it follows immediately from (2.5)).
Equation (2.6) remains to be proved. We shall prove that in the nontrivial cases the expressions given by (2.6) and (2.7) are equal. One direction is trivial,
For the other direction, let us observe that, in the nontrivial cases, again by Theorem 2.6, Â nďiăω α i has the form ω β , for some β ě 1.
nďiăω α i , where we used Lemma 2.4 and the facts that kω β " ω β , whenever k ă ω and β ě 1, and that ω ξ b k " ω ξ¨k , for all ordinals k ă ω and ξ.
3. An order-theoretical characterization 3.1. We refer to, e.g., Harzheim [11] for a general reference about ordered sets. As usual, when no risk of ambiguity is present, we shall denote a (partially) ordered set pP, ďq simply as P . However in many situations we shall have several different orderings on the same set; in that case we shall explicitly indicate the order. It is sometimes convenient to define ď in terms of the associated ă relation and conversely. As a standard convention, a ď b is equivalent to "either a " b or a ă b" (strict disjunction). We shall be quite informal about the distinction and we shall use either ď or ă case by case according to convenience, even when we are dealing with (essentially) the same order.
In order to avoid notational ambiguity, let us denote the Cartesian product of a family pA i q iPI of sets by Ś iPI A i . If each A i is an ordered set with the order denoted by ď i , then a partial order ďˆcan be defined on Ś iPI A i componentwise. Namely, we put a ďˆb if and only if a i ď i b i , for every i P I. Apparently, for our purposes, the above definition has little use when dealing with ordinals (more precisely, order-types of well-ordered sets), since ordinals are linearly ordered, but generally the above construction furnishes only a partially ordered set. However, see below for uses of the ordered set p Ś iPI A i , ďˆq.
3.2.
An order theoretical characterization of the ordinal product can be given using lexicographic products. Limited to the present paragraph, suppose that pI, ď I q is a reverse-well-order. If each A i is an ordered set, then the antilexicographic order Li PI A i " pLi PI A i , ď˚q on the set Ś iPI A i is obtained by putting a ď˚b if and only if either a " b, or a i ă i b i , where i is the largest element of I such that a i ‰ b i . In other words, ď˚orders Li PI A i by the last difference. The definition makes sense, since I is reverse-well-ordered. It turns out that if each A i is linearly ordered, then Li PI A i is linearly ordered and if in addition I is finite, then Li PI A i is well-ordered. Moreover, for two ordinals α 0 and α 1 , it happens that α 0 α 1 is exactly the order-type of Li ă2 α i . This can be obviously generalized to finite products.
A similar characterization can be given for infinite products, but some details should be made precise. Suppose that I is any set and each A i is an ordered set with order ď i and with a specified element 0 i P A i . If a P Ś iPI A i , the support supppaq of a is the set ti P I | a i ‰ 0 i u. Let Ś 0 iPI A i be the subset of Ś iPI A i consisting of those elements with finite support. Of course, Ś 0 iPI A i inherits a partial order ď 0 as a suborder of p Ś iPI A i , ďˆq. If I is linearly ordered, we can consider another order L 0 iPI A i " pL 0 iPI A i , ď L q on the set Ś 0 iPI A i defined as follows. (*) a ď L b if and only if either a " b, or a i ă i b i , where i is the largest element of supppaq Y supppbq such that a i ‰ b i . The definition makes sense, since supppaqYsupppbq is finite and I is linearly ordered. Of course, when I is finite, Ś 0 iPI A i and Ś iPI A i are the same set and L 0 iPI and Li PI are the same order. It is known that, for every sequence pα i q iăδ of ordinals, L 0 iăδ α i is well-ordered and has order-type ś iăδ α i . Here the specified element 0 i is always chosen to be the ordinal 0. See Bachmann [2, III, § 10 1.2 and § 11 Satz 7], Hausdorff [12, § 16] and Matsuzaka [17] for details. Of course, we could have seen just by cardinality considerations that Ś iăδ A i does not work in order to obtain an order theoretical characterization of ś iăδ α i in the case when δ is infinite.
3.3.
Dealing now with natural products, a characterization for the product of two ordinals has been found by Carruth [6] . He proved that α 0 b α 1 is the largest ordinal which is the order-type of some linear extension of the componentwise order on α 0ˆα1 . Here α 0ˆα1 is ordered as p Ś iă2 α i , ďˆq in the above notation. Carruth's result includes the proof that such an ordinal exists, that is, that each such linear extension is a well-order and that the set of order-types of such linear extensions has a maximum, not just a supremum. From the modern point of view, this can be seen as a special case of theorems by Wolk [26] and de Jongh, Parikh [13] , since the product of two well quasiorders (in particular, two well-orders) is still a well quasi-order. See, e.g., [18] .
Carruth's result extends to the case of any finite number of factors. This is best seen in the framework of the mentioned theory of well quasi-orders. Indeed, if P is a well partial-order, then, by Theorem 2.13 in [13] , there is an ordinal opP q which is the maximum of the order-types of the linear extensions of P . Moreover, Theorem 3.5 in [13] extends Carruth's result to the effect that if P and Q are well partial-orders, then opPˆQq " opP q b opQq. Then an induction shows that α 0 b α 1 b¨¨¨b α n is the largest ordinal which is the order-type of some linear extension of α 0ˆα1ˆ¨¨¨ˆαn , the finitary generalization of Carruth theorem.
3.4. Some difficulties are encountered when trying to unify the results recalled in 3.2 and 3.3. Let us limit ourselves to the simplest infinite case of an ω-indexed sequence, which is the main theme of the present note. It would be natural to consider the supremum of the order-types of well-ordered linear extensions of the restriction ď 0 of ďˆto Ś 0 iăω α i . However, just considering Ś 0 iăω 2, we see that p Ś 0 iăω 2, ď 0 q has linear extensions which are not wellordered. Indeed, for every j ă ω, let b j P Ś 0 iăω 2 be defined by b j j " 1 and b j i " 0 if i ‰ j. Then the b j 's form a countable set of pairwise ď 0 -incomparable elements of Ś 0 iăω 2, hence every countable linear order is isomorphic to a subset of some linear extension of Ś 0 iăω 2 (e.g., by [11, Theorem 3.3 on p. 54]). Even if we restrict ourselves to well-ordered extensions of Ś 0 iăω 2, we get from the above considerations that the supremum of their order-types is ω 1 , hence this supremum is not a maximum and anyway it is too large to have the intended meaning, that is, ω " Â iăω 2. The situation is parallel to [14] and, as in [14] , an order-theoretical characterization can be found provided we restrict ourselves to linear extensions satisfying some finiteness condition.
3.5.
We need a bit more notation in order to state the next theorem. Recall that if pα i q iăω is a sequence of ordinals, then Ś 0 iăω α i is the set of the sequences with finite support and the (partial) order ď 0 is defined componentwise. If a, b P Ś 0 iăω α i and a ‰ b, let diff pa, bq be the largest element i of supppaq Y supppbq such that a i ‰ b i . Thus (*) above introduces a linear order ă L on Ś 0 iăω α i defined by a ă L b if and only if a i ă b i , for i " diff pa, bq (here ă is the standard order on α i , hence there is no need to explicitly indicate the index). By the results recalled in Subsection 3.2, the above order ă L has type ś iăω α i . On the other hand, in the finite case, by Carruth theorem mentioned in 3.3, Â iăn α i is the order-type of the largest linear extension of ďˆon Ś iăn α i " Ś 0 iăn α i . We show that in the infinite case Â iăω α i can be evaluated by combining the above constructions.
If a P Ś iăω α i is a sequence and n ă ω, let a aen be the restriction of a to n, that is, a aen is the element of Ś iăn α i defined as follows. If a " pa i q iăω , then a aen " pa i q iăn . Here, as usual in ordinal arithmetics, we adopt the convention n " t0, 1, . . . , n´1u.
Let us say that a linear order ă 1 on Ś 0 iăω α i is finitely Carruth if ă 1 extends ă 0 and there are an n ă ω and an order ď 2 extending ăˆon Ś iăn α i such that the following statement holds. If a ‰ b P Ś 0 iăω α i and i " diff pa, bq, then (1) if i ě n, then a ă 1 b if and only if a i ă b i , and (2) if i ă n, then a ă 1 b if and only if a aen ă 2 b aen .
A linear order ă 1 on Ś 0 iăω α i is locally finitely Carruth if ă 1 extends ă 0 and, for every c P Ś 0 iăω α i , there is n " n c ă ω such that the following statement holds. For every a ‰ b P Ś 0 iăω α i , if a, b ă 1 c and i " diff pa, bq ě n, then a ă 1 b if and only if a i ă b i . In other words, for every c, (1) above holds, restricted to those pairs of elements a, b which are ă 1 c, while no version of (2) is assumed.
Theorem 3.1. If pα i q iăω is a sequence of ordinals, then Â iăω α i is the order-type of some finitely Carruth linear order on Ś 0 iăω α i . Every (locally) finitely Carruth linear order on Ś 0 iăω α i is a well-order; moreover, Â iăω α i is the largest order-type of all such orderings.
Proof. By Corollary 2.10, in particular, equation (2.6), there is some m ă ω such that Â iăω α i " pα 0 b . . . b α m´1 q¨ś mďiăω α i . By the finitary generalization of Carruth theorem mentioned in Subsection 3.3, there is some linear extension ď C of ďˆon Ś iăm α i such that P 0 " p Ś iăm α i , ď C q has order-type Â iăm α i . By the results recalled in Subsection 3.2,
Â iăω α i , since, as we mentioned, for two ordinals γ 0 and γ 1 the order-type of Li ă2 γ i is γ 0 γ 1 . Through the canonical bijection between Ś 0 iăω α i and Ś iăm α iˆŚ 0 mďiăω α i , the order ă 1 we have constructed on Li ă2 P i is clearly finitely Carruth. Indeed, in the definition of finitely Carruth, take n " m and take ď 2 as ď C . If i " diff pa, bq ă m, then the ordering between a and b is determined by their aem part, since sequences with the same P 1 -component are ordered according to their P 0 component. Hence (2) holds. On the other hand, if i " diff pa, bq ě m, then a i ă b i if and only if a ă 1 b, by the definition of ď L , thus (1) holds. Obviously, ă 1 extends ăˆ, since both ď C and ď L extend ďˆon their respective components. Hence Â iăω α i can be realized as the order-type of some finitely Carruth order on Ś 0 iăω α i and the first statement is proved.
Since every finitely Carruth order on Ś 0 iăω α i is obviously locally finitely Carruth, it is enough to prove that every locally finitely Carruth order on Ś 0 iăω α i is a well-order of type ď Â iăω α i . So let us assume from now on that ă 1 is locally finitely Carruth.
Claim. If c P Ś 0 iăω α i and C " ta P Ś 0 iăω α i | a ă 1 cu, then pC, ă 1 aeC q is a well-ordered set of type ď Â iăω α i .
Proof. Let n " n c be given by local Carruth finiteness and, as above,
Notice that, by Subsection 3.2, P 1 is well-ordered and has type ś nďiăω α i . If a P Ś 0 iăω α i , say, a " pa i q iăω , recall that a aen is the element pa i q iăn of Ś iăn α i . Similarly, let a ěn be the element pa i q iěn of Ś 0 iěn α i . Thus the position a Þ Ñ pa aen , a ěn q gives the canonical bijection (mentioned but not described above) from Ś 0 iăω α i to Ś iăn α iˆŚ 0 nďiăω α i . If P " td P Ś 0 nďiăω α i | d " a ěn , for some a P Ś 0 iăω α i such that a ă 1 cu, then P Ď P 1 hence P as a suborder of P 1 inherits a well-order of type ď ś nďiăω α i . Moreover, by local Carruth finiteness, if a, b ă 1 c and a ěn ă L b ěn , then a ă 1 b. If d P P , let Q d " ta aen | a P Ś 0 iăω α i , a ă 1 c and a ěn " du. Then, for every d P P , the order ă 1 induces an order ă d on Q d by letting a aen ă d b aen if and only if a ă 1 b (notice that, since we are assuming a, b P Q d , then a and b have the same ě n components). Since, by assumption, ă 1 extends ăˆon Ś 0 iăω α i , then ă d extends the restriction of ăˆon Ś iăn α i to Q d . Hence, by the finitary generalization of Carruth theorem, for every d P P we have that pQ d , ă d q is well-ordered and has type ď Â iăn α i . The above considerations show that pC, ă 1 aeC q is isomorphic to the sum ř dPP Q d (recall that if a, b ă 1 c and a ěn ă L b ěn , then a ă 1 b). Since, as we showed, P is a well-ordered set of type ď ś nďiăω α i and each Q d is a well-ordered set of type ď Â iăn α i , then pC, ă 1 aeC q is a well-ordered set of order-type ď Â iăn α i¨ś nďiăω α i . If the m given by Corollary 2.10 is ď n, then we immediately get from equation (2.6) that pC, ă 1 aeC q has order-type ď Â iăω α i . Otherwise, notice that if the condition for local Carruth finiteness is satisfied for c and for some n c , then the condition is satisfied for any n 1 ě n c in place of n c , hence it is no loss of generality to suppose that the m given by Corollary 2.10 is ď n and we are done as before.
l Claim
To complete the proof of the theorem, we have from the Claim that, for every c P Ś 0 iăω α i , the set of the ă 1 -predecessors of c is well-ordered; this implies that ă 1 is a well-order.
It remains to show that ă 1 has order-type ď Â iăω α i . This is vacuously true if some α i is 0 and it follows from the finitary generalization of Carruth theorem if the α i 's are eventually 1. Otherwise, local Carruth finiteness implies that ă 1 has no maximum. Indeed, if a P Ś 0 iăω α i , then there is k ă ω such that a i " 0, for i ą k. Since the sequence of the α i 's is not eventually 1, there isī ą k such that αī ą 1. If b is equal to a on each component, except that bī " 1, then a ăˆb, hence a ă 1 b, since, by assumption, ă 1 extends ăˆ. Since a above has been chosen arbitrarily, we get that ă 1 has no maximum. Then the Claim implies that ă 1 has order-type ď Â iăω α i .
We are currently considering generalizations of the results presented here to natural products of transfinite sequences of arbitrary length [16] . The case of transfinite natural sums has been dealt with in [15] .
